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Abstract.  
Moving self-localized vibration of large size (vibrational soliton) in monatomic chain with cubic and quartic 
anharmonicities is considered. Two types of motion of such vibrations are found: the subsonic and the 
supersonic ones. First type of motion is possible for chains with hard quartic anharmonicity supposing that 
cubic anharmonicity is weak. This motion was earlier observed in numerical simulations. For the second type 
of motion the cubic anharmonicity plays the decisive role: the moving mode is stabilized by co-moving 
deformation of the lattice caused by this anharmonicity. The quartic anharmonicity in this case may be absent 
or even soft. 
Introduction 
Existence of spatially localized stable vibrational excitations in perfect atomic lattices is one of the basic 
effects of nonlinearity of matter. One type of such excitations is intrinsic localized modes (ILMs) (called also 
discrete breathers (DBs)) [1-8]; these modes appear due to anharmonicity of the lattices and they have 
frequencies outside of the phonon spectrum. Unlikely to usual solitons in continuous media, ILMs (DBs) are 
spatially localized. The simplest modes of this type are the self-localized anharmonic modes in monatomic 
chain considered by Kosevich and Kovalev [1]. These modes have large size (as compared to interatomic 
distance) and frequency slightly higher than the upper limit of the phonon spectrum. They exist in chains with 
predominantly hard quartic anharmonicity. 
 In recent years it has been found that self-localized anharmonic modes (ILMs) can move and 
therefore they can be called vibrational solitons; see, e. g. Refs. [9-11], where mobility of ILMs was 
numerically demonstrated in atomic chains, and Ref. [12], where the mobile ILMs were numerically found in 
several metals. The mobility of ILMs (DBs) was also discussed in Refs. [13-15]. From presented results one 
can conclude that the reason of moving of large size ILMs can be, e.g. invariance of equations of motion 
under linear transformation of coordinate and time for the envelope wave. Note that this condition is fulfilled 
for the self-localized vibrations of Kosevich and Kovalev; thus one expects that they can move. Numerical 
simulations confirm this expectation: according to these simulations this mode indeed moves without any 
energy loss [9,10]. The observed velocity of the motion is small in comparison to the velocity of sound. 
Surprisingly, as far as we know, no analytical consideration of the motion of this simplest ILM has been 
presented so far. Here such a consideration is given.  
 Actually we considered envelope waves of self-localized anharmonic modes, both spatially 
localized and moving. The DC component (lattice distortion) of the modes is present in both cases; the latter 
appears due to cubic anharmonicity and it is stabilized by co-moving DC–component. We have found that 
besides slowly (as compared to sound velocity) moving ILMs known from the numerical simulations, in this 
model the fast - supersonic motion of ILMs is possible. For the latter motion the cubic anharmonicity plays a 
decisive role: it causes the concomitant deformation of the chain which stabilizes the motion. The quartic 
anharmonicity in this case may be absent or even soft. We also have found that the motion of the self-
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localized mode results in the increasing of its frequency and in the self-modulation causing decrease of the 
frequency in the first edge and increase of it in the trailing edge of the excitation wave.  
 
Equation of motion for envelope wave in monatomic chain 
Here we consider the large size self-localized anharmonic modes of Kosevich and Kovalev in monatomic 
chain described by the following potential energy:  
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Here nu  is the longitudinal displacement of the atom number n , λ  and µ  are the cubic and quartic 
anharmonicity constants (the units 2 1K M =  are use, where 2K  is the elastic force constant, M  is the mass 
of the atoms). Following Ref. [1] we consider the envelope wave of this mode. It appears more convenient to 
regard odd and even displacements 
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where χ  is the difference in the displacements of two neighboring atoms, while ψ  defines twice the 
displacement of the center of gravity of the two neighboring atoms. The displacements nχ  account for the 
fast oscillating in time motion of the distance between atoms (with the frequency ω  above, but close to the 
top phonon spectrum 2Mω =  and it corresponds to AC-component of the KK mode. Unlikely to that the 
displacements nψ  are almost time-independent and they correspond to the DC-component of the mode – the 
static distortion of the chain caused by the KK mode. The authors of Ref. [1] consider the case when the 
amplitudes of nχ  and the displacements nψ  slowly vary with coordinates of atoms. This allows them to 
restrict the consideration with the second derivatives of χ  and ψ  with respect to the coordinate 0x a n= . 
Obtained in this way system of equations for χ  and ψ  reads [1]  
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Spatially localized envelope wave [1] 
Let us regard first the immobile (spatially localized) mode. We consider that χ  can be presented in the form 
cos( )tχ χ ω= , where χ  does not depend on time; and ψ  does not depend on time either. (Existing higher-
order harmonics with frequencies 2 , 3 ,...ω ω  for large size modes are very weak and can be neglected.) 
Therefore Eqs. (3) and (4) can be presented in the form  
 ( )2 2 2 34 4 3 0x xω χ χ λχ ψ µχ− + + ∂ ∂ − ∂ ∂ + ≅   (5) 
 2 2 2x xψ λ χ∂ ∂ ≅ ∂ ∂   (6) 
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Here we take into account relations ( )3cos ( ) 3cos( ) cos(3 ) 4t t tω ω ω= +  and 
( )2cos ( ) 1 cos(2 ) 2t tω ω= +  and exclude the terms cos(3 )tω∝  and cos(2 )tω∝  from the consideration. 
Integrating the last equation we get 
 2xψ λχ∂ ∂ =   (7) 
As a result, Eq. (3) gets the form: 
 ( ) ( )2 2 2 2 34 3 4 0xω χ µ λ χ− + + ∂ ∂ + − ≅   (8) 
Solving this equation one gets [1] 
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where 2 2Mε ω ω ω= −  . This is the equation for the immobile self-localized anharmonic mode.  
 
Moving envelope wave 
Let us consider first moving mode in case of the chain with purely quartic anharmonicity. In this case the DC 
component of the mode is absent 0ψ =  and Eq. (3) gets the form 
 ( )2 2 2 2 34 4 0.t x χ χ µχ∂ ∂ + ∂ ∂ + + =   (11) 
The variables t  and x  enter Eq. (11) in the same way. Therefore a rotation-type transformation of these 
variables  
 
cos( ) sin( )
,
cos( ) sin( )
t t x
x x t
ϕ ϕ
ϕ ϕ
′ = +
 ′ = −
  (12) 
which corresponds to moving reference frame with velocity  
 tan( ),v ϕ=   (13) 
leaves Eq. (11) unchanged: 
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The solution of this equation is 12 3 cosh ( ) cos( )x tχ µ ε ε ω−′ ′ ′= ⋅ ⋅ ⋅ . In the laboratory reference this 
solution reads  
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where 21 vω ω′ = + , 21 vε ε′ = + . Note that 1v =  corresponds to the velocity of sound. The time-
dependence of the excitation at the maximum corresponds to oscillations with the frequency 21 vω ω+ > . 
This means that the motion of the ILM is accompanied by an increase of its frequency. Besides, at the 
forward edge of the moving ILM the frequency is enlarged while at the backward edge it is reduced. This is 
the result of self-phase modulation caused by the nonlinearity. 
Account of cubic anharmonicity 
Presented above derivation of the mobile envelope wave in the chain with quartic anharmonicity can be easily 
extended to the chains with cubic and quartic anharmonicity. To this end, we consider the solutions 
( , ) cos( ) ( )x t t xχ χ ω χ′ ′ ′ ′ ′ ′ ′= ≅  and ( )xψ ψ′ ′ ′= . We will show that equations  
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can be satisfied. Taking into account that ψ ′  depends only on x′  we find 
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This gives  
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where 2 2tan ( ) vϕ = . After the integration over x  we get  
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Inserting this equation into Eq. (15) and taking into account that 3 34 cos( ) 3tψ ψ ω′ ′ ′≅  we find the 
following equation: 
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The solution of this equation is analogous to that of Eq. (8). In the laboratory reference frame this solution for 
the moving AC component of the vibrational soliton reads 
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Analogously we get the moving DC component in the form 
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There are two cases when the moving envelope wave can exist: a) with subsonic velocity 1v <  and b) with 
supersonic velocity 1v > . In the case a) the moving envelope wave exists only if its velocity is so low that 
the condition 
 21 4 3v λ µ< −   (22) 
is satisfied. In addition, the cubic anharmonicity should be sufficiently small. This motion has been observed 
in numerical simulations; see, e.g. [9-11]. The case b) corresponds to the supersonic motion in a chain with 
any cubic anharmonicity λ  but hard (positive) quartic anharmonicity 0µ > . As far as we know, this type of 
motion in chains with cubic and quartic anharmonicity has not been observed yet. For such motion the cubic 
anharmonicity plays the decisive role: the moving mode is stabilized by co-moving deformation of the lattice 
caused by this anharmonicity. The quartic anharmonicity may be absent or even soft ( 0µ < ). In this case the 
moving envelope wave exist if 21 4 3v λ µ> + . In this case the wave may have very large energy if its 
velocity gets close to 21 4 3λ µ+ .  
Note that the existence of presented here solution for supersonically moving large size vibrational 
solitons (envelope waves of self-localized of vibrations) with high frequency in monatomic chain indicates 
that analogous solitons may exist in other atomic chains, including polymers. A general argument in favor of 
this possibility is as follows: considered here equations of motion in the continuous limit of the chain may 
hold independently of the actual structure of the system under consideration in the atomic scale. Of special 
interest in this connection are proteins, being, in fact, biological polymers. Note that a different type of 
vibrational solitons  – low-frequency collective motion in biomacromolecules – was considered by several 
authors; see, e.g. [16]. The possibility of fast motion of vibrational excitations with high frequency of 
vibrations in polymers may be important for understanding energy transport in these systems. 
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